
516.4 Green's theorem ①

Green's Theorem is what the Divergence ihm

and stokes theorem both reduce
to when

you restrict from
the real world of (x,3,)tM

to the plane (x,y)=RR"

Statement of Green's Theorem.
-

Let F =(M(x,y), N(x,y)) be a vector
field

in the plane (x,y)eRR"and let
I denote

a positively oriented closed curve 2. Then

SSNx-MydA =

oFds 2
R
e neꌀCh15 double Line Integral y

around the I
integral over R ->

x

boundary of R



Comments: ②

· Note that this says that the integral of

derivatives of F over a 2-dimensional region

R reduces to an integral of undifferentiate

components around the
1-dimensional boundary

Ageneralization of FTC (Pf(x)dx =f(b)-f(a)

· Note that Nx-My= GualE.h
if we extend

E to IR" by making p =0. F=(M(x,y),N(x,y),0)

=Curl()-N) -nya)
+ k(Nx-My)

=(Nx-My)k

Ths:Nx-My=CurlE. Put into Green's
Th

JSNx-MydA=SE.Ids -> SSCurlE.Id=EY S
R Green's R Stokes

~



Conclude:Green's The is just stokes ihm

for vector fields & curves in xy-plane

· Green's thm is usually written with the
-

line integral written as Iform Mdx+Ndy.

Reall: GE.Fds= GE.rdt =
2

=f. di dr=vdt

t -

=f(n,w).(d,dy) dr
=(dx,dy)

=fMdx+Ndy
The standard way of writingGreen's thm is:

Green's(MydA=fMdx+Nd Theorem



· We can also convert Green's theorem into 4

the form of the Divergence theorem -
-

Given E =(m,N)
I rotates

&
F=(,Ta)

L

- 90°clockwise
Define E = (N, -M)

Thus:
-

E.F =(N).(r) =MTx +NTy = I =(TyiTx)
Sequal s -

I =(NFM). (5,Tx)
=NTy +MTx

=H

E

E =5 =outer normal
-

Also Nx- My
=Div (N,-M)

=Div Er
-

So

SSNx-MydA =fMdX+Ndy E) SSDirEdA=fGE.nds
R & R

e we
Green's ihm For M,N Divergency thm for E

-

E =(π,N) E =(N,-M)

Gode:Green's the written in terms of
F

becomes the Divergence ihm when written in terms

ofE ③



Conclude:There are three equivalent
⑤

forms of Green's theorem,

C) SSNx-MydA=fMdx+Ndy (Greens)
R

2) SSCurlEondS =

GE.Id5(Stokes)
R

(3) SSDivEdA=Ends (Divergence)
e n=

R

Since EIcan be any vector field,
it must

be true for E as well &

3) SSDivEdA=GEandS
i =outer normal



e

Example①Find a vector field E
=(M(x,y),N(x,y)) ⑥-

such that

GE.FdS =Area
Enclosed by e

I

&

So:By Green's Theorem: ꋽgt,

(SNx-My dA
=E.Ids

If Nx =I and - My
=2, then Ny-My= 1

and SSNx-MydA =area of R

-

R

For this choose N = IX, M
= -1,=(i,*!

SSNx-My dH=6C +2 dA =(JdA=Area of R
R R M

2FremdNdeeaTe



Emple Consider Green's Theorem when
is defined in the nurlus betw two

ser
curves 2,822. We have/lodrawn two circles, but any Itwo simple closed curves (SC) i)

↑

one inside the other works. · A=B

Show Greens theorem applies in the form-

JS Nx-My dH=$E.Ids-F.Ids.
tz

B Es

soln Draw in the two curves +f G-9:
-"

then starting atA, 2 =C,+9-Ec+ is a

sec inside of which E
=(,i) is defined.

Thus Green's theorem applies to 2:

-I Nx-MydA =(E-IdS
=GE.Ids

R 2,+9-t- 9

=S,-6X =Eds-E.Idsto r



Empe 8:Use Example to show ꌀ

that if CurIE =0 in D =[(x,y): (x,y) = 0B =B=50,0}
then &E.FdS =$E.Ids for any two

Er es

positively oriented curves e,, t.
which

go around (0,0) exactly once.

sation:Since D is not mymated,

we cannot conclude from
Cure =0 that

Fis conservative, E
=If, or that

the line

integral bids around
closed curves

=0.

2

Amatively, apply Green's theorem
in Annulus

between 2,8 02: ↑1111, 2,

o =ff Curl.d=Eds-Dr
R
u

21 22 IR
, ,,Nx-My

0

↓
So FYdS =gEFdS r


